Let D be a division ring with centre F . Assume that M is a maximal subgroup of GL n (D), n ≥ 1 such that Z(M ) is algebraic over F . Group identities on M and polynomial identities on the F -linear hull
Notations and conventions
Let D be a division ring with centre F and G be a subgroup of A * = GL n (D).
We denote by F [G] the F -linear hull of G, i.e., the F -algebra generated by elements of G over F . We also denote by D n the space of row n-vectors over D. Then D n is a D − G bimodule in the obvious manner. G is said to be an irreducible (reducible) subgroup of GL n (D) whenever D n is irreducible Some notations and conventions for linear groups and skew linear groups from [11] and [12] are frequently used throughout.
Polynomial identities on F [M ]
Given a maximal subgroup of A * , this section essentially deals with conditions Proof. The case n = 1 follows from Proposition 1 of [1] . So, we may assume that n ≥ 2. Now, consider the F -algebra [12] , there exists an invertible n × n matrix P over D such that
It is clear that P M P −1 is also a maximal subgroup of GL n (D) and we have
. Therefore, P M P −1 = Σ and since Σ contains a copy of D * we obtain the result.
We shall need the following lemmas to prove our main theorem.
Lemma 2. Let D be a division ring of infinite dimension over its centre F and n ≥ 1. Assume that M is a maximal subgroup of GL n (D). Case 2. Assume that X ∈ GL n (D). Then there exists an n × n matrix P in GL n (D) such that the first row of P XP −1 is zero. We note that
] is a PI-algebra, and P XP
It is clear that B is a ring and P AP −1 ⊆ B. On the other hand P XP
is a matrix whose first row is zero. Therefore,
It is clear that
In the first case B = M n (D) and so J is a right ideal and clearly J is a right ideal in M n (D). In the second case
Therefore, F [P M P −1 ] contains a copy of D * and so D is a P I-algebra which implies [D : F ] < ∞ that is a contradiction. Similarly, there exists a matrix Q ∈ GL n (D) such that QXQ −1 is a matrix whose first column is zero. Set
contradiction. Thus, Z(A) is a field and the proof is complete.
Lemma 4. Let D be a division ring of infinite dimension over its centre F Theorem 5. Let D be a division ring with centre Z(D) = F and n ≥ 1.
* . By maximality of M we conclude that F ] = ∞. Then, by Lemma 4 and Artin-Wedderburn's Theorem, we have
for some positive integer n 1 and division ring D 1 , and so
Theorem, we conclude that A is a simple Artinian ring. Therefore, there exists a positive integer n 2 and a division ring
and so 
for some positive integer s. The last isomorphism implies that [D : F ] < ∞ which contradicts our assumption. Therefore, we must have Z(M ) = F * and the claim is established. Now, since F [M ] is simple and
). There exists a positive integer n 3 and a division ring
Therefore. there is an X ∈ B * \ F * such that < M, X >⊆ C Mn(D) (F (X)) and
) which is a contradiction to the fact that X ∈ F * . 
Proof. Assume that there is a maximal subgroup M such that [M : e., GL n (D) = F * which means that n = 1 and D = F that is a contradiction and so the result follows.
Corollary 9. Let R be a semisimple Artinian F -algebra with [Z(R) : Proof. Consider the F -algebra 
and y = n 1 + · · · n s , and we have [
is an Artinian P I -ring and so the Jacobson radical J = J(A) of A is nilpotent. Therefore, by 1.3.9 of [12] , we conclude that J n = 0. Now, by Wedderburn-Artin Theorem , there exist positive integers 
If there exists i such that Thus, as in the above case, there exist positive integers m 1 , · · · , m k such that
Since M is locally finite, as above, we conclude that 
. This means that
. Thus, by a result of [10] , we conclude that either
. If the first case occurs, then we have M ⊆ F * which is a contradiction to the fact that M is a maximal subgroup of GL n (D).
The second case says that M is absolutely irreducible. So, let F * ⊂ M , we have two cases to consider. If 
i.e., M contains a free subgroup (cf. [12] ). This contradicts the fact that M satisfies a group identity. Therefore, we have r = 1 and this completes the proof.
Corollary 2. Let D be a division ring with infinite centre F and n ≥ 1.
Assume that M is a noncommutative maximal subgroup of GL n (D) such that
Corollary 3. Let D be a division ring with infinite centre F and n ≥ 1.
Assume that M is a noncommutative nilpotent maximal subgroup of GL n (D)
is algebraic over F . Then M is centre-by-locally finite. Therefore, M/F * is locally finite and so D is locally finite dimensional.
proof. M satisfies a group identity since M is nilpotent. Thus, by Theorem 1, we conclude that M is absolutely irreducible. Now, by a result of [12, p. 213] , this implies that M is centre-by-locally finite and so the proof is complete.
Corollary 4. Let D be a division ring with infinite centre F and n ≥ 1.
Assume that M is a noncommutative soluble maximal subgroup of GL n (D)
is algebraic over F . Then M is abelian-by-locally finite.
proof. M satisfies a group identity since M is soluble. By Theorem 1, we conclude that M is absolutely irreducible. Now, by a result of [13] , this implies that M is abelian-by-locally finite and so the proof is complete.
To prove our final result, we need the following Lemma 5. Let D be a division algebra of finite dimension over its centre exists an invertible n × n matrix P over D such that P M P −1 ⊂ Σ, where Then, we have T ⊂ SL n (D) and so T ⊂ Σ. Now, we clearly have P M P −1 ⊆ Σ ⊆ N . By maximality of P M P −1 we conclude that either P M P −1 = Σ or N = Σ. If the second case occurs, then I + e n1 ∈ SL n (D) whereas I + e n1 ∈ Σ = N and this contradicts the fact that SL n (D) ⊆ N . Therefore, P M P −1 = Σ which implies that Σ satisfies a group identity, and so T ⊂ Σ satisfies a group identity. Now, by 4. 
